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In this article, we show that a value of the CarlitzGoss gamma function for the
ring Fq[X] is transcendental over the field Fq(X) if and only if the argument is not
an element of N=[0, 1, 2, . . .]. We also answer a question of J.-P. Allouche, and we
show the transcendence of monomials built on the values of the CarlitzGoss
gamma function. This concludes the transcendence study of the values of this
function initiated and developed by D. Thakur and pursued by A. Thiery, J. Yu,
and L. Denis and J.-P. Allouche. The proof of our result, as that of J.-P. Allouche,
uses derivation of formal power series and the theorem of G. Christol, T. Kamae,
M. Mende s France, and G. Rauzy.  1997 Academic Press
1. INTRODUCTION
The CarlitzGoss gamma function has been introduced by Goss to inter-
polate the factorial function proposed by Carlitz for the ring of polynomials
with coefficients in a finite field. More precisely, the CarlitzGoss gamma
function is defined as follows (for more details see [4, 7]).
Let Fq be the finite field with q elements, and let p be its characteristic.
For any natural integer j1, we define the polynomial Dj of degree jq j by
Dj= ‘
j&1
i=0
(Xq j&X qi).
Now if n is a p-adic integer, i.e., an element of Zp , we write
n= :

j=0
njq j, with 0nj<q,
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and following Goss we define the CarlitzGoss gamma function
n!= ‘

j=1 \
Dj
X deg Dj+
nj
.
Hence n! is a formal power series, i.e., an element of Fq((X&1)).
Very recently Allouche proved in [2] that the values of this Carlitz
Goss gamma function are transcendental (over the field Fq(X )) for all
arguments which are rational and not in N=[0, 1, 2, . . .]. We will prove
here that the value n! is transcendental if and only if n # Zp"N. Our proof,
as that of Allouche, uses derivation of formal power series and the theorem
of Christol, et al.
2. THE MAIN THEOREM AND ITS PROOF
In this paragraph, we give a simple proof of the following theorem.
Theorem 1. Let n be an element of Zp , then n! is transcendental over the
field Fq(X) if and only if n is not an element of N.
We begin with two simple lemmas.
Lemma 1. Let a, b, c1 be three natural integers. Then qc&1 divides
qa(qb&2)+1 if and only if c divides (a, b), the greatest common divisor of
a and b.
Proof. Suppose that c divides (a, b). Then qc&1 divides qa+b&1
and qa&1. So qc&1 divides qa(qb&2)+1=(qa+b&1)&2(qa&1). The
sufficiency is hence proved.
Now we show the necessity. Suppose that qc&1 divides qa(qb&2)+1.
Let 0a1 , b1<c be the two natural integers such that
a1 #a+b (mod c) and b1 #a (mod c).
Write a+b=sc+a1 and a=tc+b1 . Because qc&1 divides qsc&1 and
qtc&1, qc&1 divides also qa1&2qb1+1 since
qa 1&2qb 1+1=(qa(qb&2)+1)&qa1(qsc&1)+2qb1(qtc&1).
But |qa1&2qb1+1|<qc&1 as 0a1 , b1<c and q2, so that qa 1+1=
2qb1. This implies that a1=b1=0. Therefore a#0 (mod c) and b#0
(mod c), i.e., c divides (a, b). K
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Let k1 be the natural integer such that q= pk. For any p-adic integer
n # Zp and any natural integer 1 jk, we define
Ej (n)=[t # N | nt 0 (mod p j)].
It is clear that for all natural integers 1 j<lk, we have Ej (n)El (n).
If k=1, E1(n) is infinite for n # Zp "N. More generally, we have the
following lemma.
Lemma 2. For every n # Zp"N, there exists a p-adic integer m # Zp "N
satisfying:
(1) E1(m) is an infinite set,
(2) n! is transcendental if and only if m! is transcendental.
Proof. Take n # Zp"N a p-adic integer. Let h be the least natural integer
j (1 jk) such that Ej (n) is an infinite set. The integer h exists since by
our hypothesis, Ek(n) is an infinite set. If h=1, we take m=n and the
lemma is proved. We suppose h2. Then Eh&1(n) is a finite set. Let L0
be the greatest element of Eh&1(n). Hence for any natural integer l>L,
ml=nlph&1 is a natural integer. We define
m= :

l=L+1
mlql.
By the choice of h, E1(m) is an infinite set. On the other hand, we also have
n!=\‘
L
i=1 \
Di
Xdeg D i+
n i
+ (m!) p h&1.
This ends the proof of the lemma. K
Before we begin to prove Theorem 1, we mention without proof the
following theorem of G. Christol et al. (see [3]).
Theorem 2. The formal power series l=0 u(l ) X
&l is algebraic over
Fq(X) if and only if the sequence u=(u(l )) l0 of elements of Fq is
q-automatic, i.e., its q-kernel Nq(u) is finite. Here Nq(u) is the set of
subsequences of u defined by
Nq(u)=[(u(qal+b)) l0 | a0, 0b<qa].
Remark. Let u=(u(l))l0 and v=(v(l)l0 be two q-automatic sequences
in Fq . The q-kernel of w=(u(l ) v(l )) l0 is obviously finite, hence w is
q-automatic. As a trivial consequence of Theorem 2, the derivative with
respect to X of an algebraic formal power series is algebraic.
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Proof of our Main Theorem. If n is a natural integer, the formal power
series n! is rational. From now on, we suppose that n is not an element
of N. By Lemma 2, we can also suppose that E1(n) is an infinite set.
Under these two conditions we shall show that the formal power series n!
is transcendental.
Following Allouche, we take the logarithmic derivative with respect to X
to obtain
n!$
n!
= :

j=1
nj \D$jDj&
jq j
X + ,
where the prime denotes derivation.
Since the integers in the preceding formula should be taken modulo p,
we have
n!$
n!
= :

j=1
nj
D$j
Dj
.
We recall that for any natural integer j1,
Dj= ‘
j&1
i=0
(Xq j&X qi),
and therefore
D$j
Dj
= :
j&1
i=0
(Xq j&X qi)$
Xq j&Xqi
=&
1
Xq j&X
.
We then obtain the following formula where the nj ’s are taken modulo p:
n!$
n!
=& :

j=1
nj
Xq j&X
. (1)
Expanding the rational fractions, we obtain
n!$
n!
=& :

j=1
nj
Xq j \1&\
1
X +
q j&1
+
&1
=& :

j=1
nj
Xq j
:

l=0 \
1
X+
l(q j&1)
=& :

j=1
:

l=0
nj
Xq j \
1
X+
l(q j&1)
.
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Hence
&X
n!$
n!
= :
j, l1
nj \ 1X+
l(q j&1)
= :

m=1
c(m) \ 1X+
m
,
where for every natural integer m1, c(m) is defined by
c(m)= :
l(q j&1)=m
j, l1
nj (mod p)= :
q j&1 | m
j1
nj (mod p),
a formula Allouche had already noticed (see [2]). According to the remark
following Theorem 2, if n! were algebraic, so would be n!$ and &Xn!$n!. In
the sequel, we will show that &Xn!$n! is transcendental, so that n! is also
transcendental. By Theorem 2, it is sufficient to show that the q-kernel
Nq(c) of the sequence c=(c(m))m0 is infinite.
For every natural integer t1, we define ct=(c(qtm+1))m0. It is
clear that ct # Nq(c). Take a, b two different elements of E1(n). Without loss
of generality, we suppose a>b. We will show that the two sequences ca
and cb are different. Since E1(n) is an infinite set, this will permit us to
show that Nq(c) is an infinite set.
Define E=[s # N | ns 0 (mod p), s | a and s |3 b]. The set E is not
empty since a # E. Let h be the least element of E. Then if there is a natural
integer t(1t<h) satisfying t | h and t |3 b, we necessarily have nt #0
(mod p). Hence
ca(qh&2)&cb(qh&2)= :
q l&1 | q a (qh&2)+1
l1
nl& :
q l&1 | qb(q h&2)+1
l1
nl (mod p)
= :
l | (a, h)
l1
nl& :
l | (b, h)
l1
nl (mod p) by Lemma 1
= :
l |3 (b, h)
l | (a, h)
nl (mod p)
= :
l | h, l |3 b
nl (mod p)
=nh (mod p)
{0 (mod p).
This ends the proof of our theorem. K
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Going back to Formula (1), we see that we have actually proved the
following theorem which answers a question of Allouche (see [1]).
Theorem 3. Let n=(nj) j1 be a sequence of elements of Fq which is not
ultimately equal to zero. Then the following formal power series
:

j=1
nj
Xq j&X
is transcendental over the field Fq(X).
3. APPLICATION
As a matter of fact, we have just proved the more general result.
Theorem 4. Let l1 be a natural integer and let (nj) j0 be a sequence
of rational integers such that (nj (mod pl)) j0 is not ultimately equal to zero.
Then the formal power series
‘

j=1 \
Dj
Xdeg D j+
nj
is transcendental over the field Fq(X).
As a consequence, we obtain the following result.
Corollary 1. Let (*v)v be a finite family of rational integers and let
n(v)=j=0 n
(v)
j q
j be p-adic integers with 0n (v)j <q. Then
 if v *vn (v)j =0 for all large natural integers j, >v (n
(v)!)*v is rational;
 if (v *vn (v)j ) j0 is not ultimately equal to zero, >v (n
(v)!)*v is
transcendental.
Proof. In fact, if the sequence (v *vn (v)j ) j0 is not ultimately equal to
zero, we can find a natural integer l1 such that (v *vn (v)j (mod p
l)) j0
does not ultimately vanish since (v *vn (v)j ) j0 is bounded. The corollary is
then deduced from the fact
‘
v
(n(v)!)*v= ‘
j1 \
Dj
X deg Dj+
v * vnj
(v)
. K
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